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$EVWUDFW
7KHG\QDPLFVRIFRPSDFWLRQRIKDUGFURVVVKDSHGSHQWDPHUVRQWKH'VTXDUH
ODWWLFH LV LQYHVWLJDWHG 7KH DGGLWLRQ RI QHZ SDUWLFOHV LV FRQWUROOHG E\ GLIIXVLYH
UHOD[DWLRQ ,W LV VKRZQ WKDW WKH ILOOLQJ SURFHVV WHUPLQDWHV DW D JODVV\ SKDVH ZLWK D
OLPLWLQJ FRYHUDJH GHQVLW\ )3(171626.0=UFSρ  ORZHU WKDQ WKH GHQVLW\ RI FORVHVW
SDFNLQJ =FSρ DQGWKHORQJWLPHILOOLQJUDWHYDQLVKHVOLNH  WUFS ρρ − )RUWKH
HQWLUHGHQVLW\UHJLPHWKHSDUWLFOHVIRUPDQDPRUSKRXVSKDVHGHYRLGRIDQ\FU\VWDOOLQH
RUGHU7KHUHIRUHWKHPRGHOVXSSRUWVDVWDEOHUDQGRPSDFNLQJVWDWHDVRSSRVHGWRWKH
KDUG GLVNV V\VWHP 2XU UHVXOWV PD\ EH UHOHYDQW WR UHFHQW H[SHULPHQWV VWXG\LQJ WKH
FOXVWHULQJRISURWHLQVRQELOD\HUOLSLGPHPEUDQHV
3$&6 3I/F/Q
 
5DQGRP ILOOLQJ DQG FRPSDFWLRQ SURFHVVHV RI V\VWHPV RI KDUG SDUWLFOHV KDYH
EHHQRILQWHUHVWDVPRGHOVIRUWKHHYROXWLRQDQGVWUXFWXUHRIOLTXLGVJODVVHVFROORLGDO
VXVSHQVLRQV DQG PRQROD\HUV >@ $OWKRXJK WKHVH PRGHOV KDYH EHHQ LQWHQVLYHO\
VWXGLHGIRUWKHODVWWKUHHGHFDGHV>@WKHGHVFULSWLRQRIWKHLUVWUXFWXUHDQGG\QDPLFV
VWLOOUHPDLQVDQLQWHUHVWLQJRSHQTXHVWLRQRIFRQGHQVHGPDWWHUVFLHQFH
2QH RI WKH SULPDU\ GLIILFXOWLHV LQ VWXG\LQJ GHQVH UDQGRP V\VWHPV LV WKDWRI
GHWHUPLQLQJZKHWKHU WKH V\VWHP LV WUXO\ UDQGRP%HUQDO >@ZDV RQHRI WKH ILUVW WR
VWXG\H[SHULPHQWDOO\VXFKDV\VWHPXVLQJSODVWLFHQHVSKHUHVZKLFKZHUHFRPSUHVVHG
WRJHWKHU+LVUHVXOWVVXJJHVWHGWKHH[LVWHQFHRIDOLPLWLQJGHQVLW\WKHUDQGRPFORVHVW
SDFNLQJGHQVLW\ZKLFKLVVPDOOHUWKDQWKHFORVHVWSDFNLQJGHQVLW\)ROORZLQJ%HUQDO
PDQ\ZRUNHUVKDYHLQYHVWLJDWHGERWKH[SHULPHQWDOO\DQGQXPHULFDOO\WKHSRVVLELOLW\
RIUDQGRPFORVHVWSDFNLQJVWDWHLQKDUGGLVNVDQGKDUGVSKHUHVV\VWHPV>@
0HFKDQLFDO FRPSDFWLRQV >@ DQG FRPSXWHU GHQVLILFDWLRQ SURFHVVHV >@ RI
UDQGRP FRQILJXUDWLRQV RI KDUG GLVNV VKRZ WKDW DV\PSWRWLFDOO\ SRO\FU\VWDOOLQH
WH[WXUHVDUHIRUPHGZKRVH OLPLWLQJGHQVLW\ LVWKHGHQVLW\RIFORVHVWSDFNLQJRI KDUG
GLVNV 7KHVH UHVXOWV VXSSRUW WKH FRQMHFWXUH RI ODFN RI VWDELOLW\ IRU UDQGRP FORVH
SDFNLQJ RI KDUG GLVNV 1XPHULFDO VLPXODWLRQV RI QRQVSKHULFDO V\VWHPV RI SDUWLFOHV
UHJXODU SHQWDJRQV DQG UHJXODU KHSWDJRQV DUH OHVV FRQFOXVLYH >@ 7KH VLPXODWLRQV
VXJJHVW WKDW WKH GHQVLILFDWLRQ SURFHVVHV WHUPLQDWH DW GHQVLWLHV ORZHU WKDQ WKH
FRUUHVSRQGLQJ GHQVLWLHV RI FORVHVW SDFNLQJ DOWKRXJK VPDOO RUGHUHG ]RQHV DSSHDU DW
WKHVH GHQVLWLHV ,Q WKUHH GLPHQVLRQV UHFHQW FRPSXWHU VLPXODWLRQV RI KDUG VSKHUH
V\VWHPV >@ LQGLFDWH WKDW WKH DPRUSKRXV SKDVH LV QRW VWDEOH DQG LW HYHQWXDOO\
FU\VWDOOL]HV IRU DOO GHQVLWLHV DERYH WKHPHOWLQJGHQVLW\7KHVH UHVXOWV DUH LQ FRQWUDVW
ZLWK HDUOLHU VLPXODWLRQV RI /XEDFKHYVN\ HW DO >@ DQG 6SHHG\ >@ WKDW IRXQG
G\QDPLFDOO\VWDEOHDPRUSKRXVFRQILJXUDWLRQVRIKDUGVSKHUHV$UHFHQWH[SHULPHQWDO
VWXG\RQDVXVSHQVLRQRIKDUGVSKHUHOLNHSDUWLFOHVIRXQGWKHJODVVWRUHPDLQVWDEOHRQ
HDUWKEXWWRFU\VWDOOL]HLQWKHDEVHQFHRIJUDYLW\>@
$QRWKHU EUDQFK RI PRGHOV IRU JHQHUDWLQJ UDQGRP FRQILJXUDWLRQV LV WKH
VRFDOOHG ³GHSRVLWLRQ PRGHOV´ LQ ZKLFK SDUWLFOHV DUH GHSRVLWHG VHTXHQWLDOO\ RQWR D
VXUIDFHDFFRUGLQJWRVRPHJLYHQUXOHXSWRWKHSRLQWZKHUHQRDGGLWLRQDOSDUWLFOHFDQ
EH GHSRVLWHG WKH MDPPLQJ OLPLW >@ 8VXDOO\ WKH UXOH LV JLYHQ LQ WHUPV RI WKH
H[FOXVLRQVKHOORIDSDUWLFOHZKLFKGHWHUPLQHVZKLFKVLWHV LQ WKHQHLJKERUKRRGRID
JLYHQSDUWLFOHDUHEORFNHG IRU IXUWKHUGHSRVLWLRQV$OWHUQDWLYHO\RQHPD\GHILQH WKH
PRGHO E\ VWXG\LQJ H[WHQGHG SDUWLFOHV ZLWK KDUGFRUH LQWHUDFWLRQV ,Q JHQHUDO WKH
 
UDQGRPVHTXHQWLDO DEVRUSWLRQ56$PRGHOVSURGXFHGHQVHUDQGRPV\VWHPVEXWGR
QRWKDYHWKHFKDUDFWHULVWLFVDVVRFLDWHGZLWKV\VWHPVLQZKLFKWKHSDUWLFOHVDUHIUHHWR
PRYH7KLVREVHUYDWLRQPRWLYDWHGWKHVWXG\RIGLIIXVLYHUHOD[DWLRQLQ56$PRGHOV
7KH IRUPDWLRQ RI PRQROD\HUV DQG WZR GLPHQVLRQDO GHQVLILFDWLRQ SURFHVVHV
>@ DUH IUHTXHQWO\ GRPLQDWHG E\ WKH FRPELQHG HIIHFW RI LUUHYHUVLEOH UDQGRP
GHSRVLWLRQRIH[WHQGHGSDUWLFOHVRQDVXUIDFH56$IROORZHGE\LQSODQHGLIIXVLRQRI
WKHGHSRVLWHGSDUWLFOHV56$':KLOHWKH56$SURFHVVUHVXOWVLQDMDPPHGVWDWHZLWK
DFKDUDFWHULVWLFMDPPLQJOLPLWGHQVLW\ Uρ GHSHQGLQJRQWKHGHWDLOVRIWKHLQWHUSDUWLFOH
UHSXOVLRQ>@LQSODQHGLIIXVLRQPD\FRUUHFWQRQHIIHFWLYHUDQGRPGHSRVLWLRQVWKXV
DOORZLQJ IRU WKH GHSRVLWLRQ RI DGGLWLRQDO SDUWLFOHV DQG LQFUHDVLQJ WKH GHQVLW\ 7KH
VWUXFWXUH RI WKH ILQDO VWDWH LV QRW DOZD\V REYLRXV 7KH DPRUSKRXV SKDVH PD\
FU\VWDOOL]HWRDFU\VWDOOLQHVWDWHRUDSRO\FU\VWDOOLQHVWDWHZLWKILQDOGHQVLW\ ∞ρ WKDW
HTXDOVWKHGHQVLW\RIFORVHVWSDFNLQJ FSρ $OWHUQDWLYHO\ LWPD\UHWDLQ LWVDPRUSKRXV
QDWXUHZLWKDFKDUDFWHULVWLF ILQDOGHQVLW\ UFSρρ =∞  ORZHUWKDQ WKHFORVHVWSDFNLQJ
GHQVLW\
7KH G\QDPLFV RI ' 56$' ODWWLFH PRGHOV LV ZHOO NQRZQ >@ ,Q
SDUWLFXODUWKHFRYHUDJHGHQVLW\ Wρ FRQYHUJHVYLDD −W SRZHUODZEHKDYLRUWRLWV
FORVHVW SDFNLQJ GHQVLW\ 7KH WLPH GHSHQGHQFH RI WKH 56$' SURFHVV RQ WKH
WZRGLPHQVLRQDOVTXDUHODWWLFHKDVEHHQLQYHVWLJDWHGE\FRPSXWHUVLPXODWLRQVIRUWZR
H[FOXVLRQPRGHOVQHDUHVWQHLJKERUVH[FOXVLRQ 1 DQGQHDUHVWQHLJKERUVDQGQH[W
QHDUHVWQHLJKERUVH[FOXVLRQ 1 >@)RUERWKPRGHOVWKHLQLWLDODPRUSKRXVVWDWH
FU\VWDOOL]HVWRIRUPRUGHUHGUHJLRQVVHSDUDWHGE\GRPDLQZDOOV7KHORQJWLPHILOOLQJ
LV SHUIRUPHG WKURXJK D OLQH E\ OLQH PLJUDWLRQ RI GRPDLQ ZDOOV UHVXOWLQJ LQ D
XQLILFDWLRQRIQHLJKERULQJUHJLRQV$VDUHVXOWWKHORQJWLPHG\QDPLFVLVH[SHFWHGWR
EHD'OLNHDQGLQGHHGWKHGHQVLW\FRQYHUJHVWRWKHGHQVLW\RIFORVHVWSDFNLQJYLDD
−W  SRZHU ODZ EHKDYLRU )RU ERWK PRGHOV VWDEOH UDQGRP FORVHVW SDFNLQJ
FRQILJXUDWLRQVGRQ¶WH[LVWLQDFFRUGZLWKWKHH[SHULPHQWDO>@DQGQXPHULFDOUHVXOWV
>@IRXQGIRUKDUGGLVNV\VWHPV
,Q WKLV OHWWHU ZH SUHVHQW D VLPSOH ' ODWWLFH PRGHO ZKLFK JHQHUDWHV D
G\QDPLFDOO\ VWDEOH UDQGRPSKDVH DW DGHQVLW\ PXFK ORZHU WKDQ WKH FORVHVW SDFNLQJ
GHQVLW\ 7KLV PRGHO FOHDUO\ VKRZV WKH UDQGRP FORVHVW SDFNLQJ HIIHFW 7KH WLPH
HYROXWLRQRI D56$' ILOOLQJSURFHVVRQ WKH ' VTXDUH ODWWLFH LV LQYHVWLJDWHG IRU DQ
 
H[FOXVLRQPRGHO WKDW H[WHQGVXS WR WKH WKLUG VKHOO RI QHLJKERUV  1  WKHPRGHO LV
LGHQWLFDOWRWKHPRGHORIKDUGFRUHFURVVVKDSHGSHQWDPHUVRQWKHVTXDUHODWWLFH:H
VKRZ WKDW LQ FRQWUDVW WR WKH 1  PRGHO DQG WKH 1  PRGHO WKH 56$' SURFHVV LV
XQDEOHWRFRUUHFWDOOORFDOQRQHIIHFWLYHGHSRVLWLRQV$VDUHVXOWWKH 1 PRGHOUHWDLQV
LWVDPRUSKRXVQDWXUHDQGWKHILOOLQJSURFHVVWHUPLQDWHVDWDVWDEOHGHQVLW\RIUDQGRP
FORVHVWSDFNLQJ FSUFS ρρ < 7KLVPRGHOGHVFULEHVD56$'SURFHVVRIPRUHFRPSOH[
DQLVRWURSLFREMHFWV5HFHQWH[SHULPHQWVKDYHVWXGLHGWKHGHSRVLWLRQDQGGLIIXVLRQRI
WZRIRUPVRIF\WRFKURPHRQELOD\HUOLSLGPHPEUDQHV2QHVKRXOGH[SHFWWRVHHVXFK
JODVVWUDQVLWLRQVIRUWKHGHSRVLWLRQRIQRQLVRWURSLFSURWHLQV
2XU56$'PRGHO LV GHILQHG DV IROORZV:H VWDUWZLWK DQ HPSW\ ' VTXDUH
ODWWLFHFRQWDLQLQJ1 /   VLWHVZLWKSHULRGLFERXQGDU\ FRQGLWLRQV/GLYLVLEOH E\
3DUWLFOHVDUHGHSRVLWHGDWUDQGRPRQWKH ODWWLFHDFFRUGLQJ WRWKH56$DQGH[FOXVLRQ
UXOHV(DFKGHSRVLWHGSDUWLFOHILOOVDODWWLFHVLWHDQGH[FOXGHVIXUWKHUGHSRVLWLRQRQWKDW
VLWH DQG RQ LWV WZHOYH QHDUHVW QHLJKERU VLWHV :H VWXG\ WKH OLPLW LQ ZKLFK WKH
GHSRVLWLRQLVLQILQLWHO\IDVWFRPSDUHGWRWKHGLIIXVLRQDQGWKHUHIRUHWKHMDPPHGVWDWH
ZKRVH GHQVLW\ LV =Uρ  >@ LV IRUPHG LQ ]HUR WLPH WKH ILJXUH LQ
SDUHQWKHVHVLQGLFDWHWKHXQFHUWDLQW\RIWKHODVWGLJLW7KLVOLPLWLVHTXLYDOHQWWRDIDVW
FRROLQJRI WKHV\VWHP7KHQ LQHDFK WLPHVWHSHDFKSDUWLFOHPRYHV LISRVVLEOHZLWK
SUREDELOLW\ ε  IURP LWV VLWH WR RQH RI LWV IRXU QHLJKERULQJ VLWHV 0LJUDWLRQ RI D
SDUWLFOH LVSRVVLEOHRQO\ LI LWGRHVQRWYLRODWHWKHH[FOXVLRQUXOHVRIWKHPRGHO$IWHU
HYHU\ PRYHPHQW RI D SDUWLFOH QHZ SDUWLFOHV DUH GHSRVLWHG LI SRVVLEOH 9DFDQFLHV
DYDLODEOHIRUDGGLWLRQDOSDUWLFOHVPD\EHIRUPHGLQILYHVLWHVWKDWDUHQRWH[FOXGHGDQ\
PRUHE\WKHGLIIXVHGSDUWLFOH$IUXLWIXOPRWLRQPD\UHVXOWLQWKHGHSRVLWLRQRIRQHRU
WZRRUWKUHHQHZSDUWLFOHV
7KHODWWLFHFRQVLVWVRIILYHVXEODWWLFHVWKDWFRUUHVSRQGWRWKHILYH ODWWLFHVLWHV
FRYHUHG E\ D SHQWDPHU ,W LV FRQYHQLHQW WR ODEHO WKH VXEODWWLFHV E\ DQ LQWHJHU Q
GHILQHGE\Q ^[\PRGXOR`ZKHUH[DQG\DUHWKHFRRUGLQDWHVRIDVLWHQRWHWKDW
WKHODWWLFHPD\EHGLYLGHGLQWRVXEODWWLFHVLQWZRGLIIHUHQWZD\V$WDQ\VWDJHRIWKH
SURFHVV WKH ODWWLFH FRQWDLQV RUGHUHG UHJLRQV LQ ZKLFK WKH SDUWLFOHV DUH GHQVHO\
SDFNHG1HLJKERULQJUHJLRQVDUHVHSDUDWHGE\GRPDLQZDOOVZKLFKFRQQHFWVLWHVWKDW
DUHQRWFRYHUHGE\SHQWDPHUV2QO\SDUWLFOHVWKDWDUHORFDWHGFORVHWRDGRPDLQZDOO
PD\GLIIXVHWRDQHLJKERULQJVLWH$PRYHPHQWRIDSDUWLFOHUHVXOWVLQDWUDQVIHURIWKH
 
GLIIXVHGSDUWLFOHIURPRQHVXEODWWLFHWRDQRWKHURQH,QWKH56$'SURFHVVRIWKH 1
PRGHOWKHQHZO\DGGHGSDUWLFOHVDUH LQWKHVDPHVXEODWWLFHDV WKHGLIIXVHGSDUWLFOH
7KHUHIRUHWKHILOOLQJSURFHVVFRUUHFWVORFDOGHILFLHQFLHVUHVXOWLQJLQWKHIRUPDWLRQRI
JURZLQJRUGHUHGUHJLRQV+RZHYHUIRUWKH 1 PRGHORQO\WZRVLWHVRXWRIWKH ILYH
RSWLRQDO YDFDQW VLWHV IRUPHG E\ WKH GLIIXVLRQ DUH LQ WKH VDPH VXEODWWLFH DV WKH
GLIIXVHG SDUWLFOH 7KHUHIRUH LQ WKH FDVH RI D IUXLWIXO GLIIXVLRQ WKH QHZO\ GHSRVLWHG
SDUWLFOHV PD\ EH DGGHG LQ D QRQHIIHFWLYH ZD\ WKDW LQFUHDVHV ORFDO GLVRUGHU 6XFK
QRQHIIHFWLYH GHSRVLWLRQV PD\ LQKLELW DGGLWLRQDO ILOOLQJ ,Q DGGLWLRQ ORFDO GHIHFWV
JHQHUDWHGE\LQHIILFLHQWGHSRVLWLRQVDUHPXFKPRUHVWDEOHLQWKH 1 PRGHOGXHWRWKH
³IULFWLRQ´JHQHUDWHGE\WKHQRQVPRRWKFURVVVKDSHRIWKHSHQWDPHUV$QH[DPSOH LV
JLYHQLQILJXUHZKLFKSUHVHQWVDUDQGRPFORVHVWSDFNLQJVWDWHREWDLQHGRQD[
ODWWLFH7KHVWDWHLVFRPSOHWHO\IUR]HQLHQRSDUWLFOHFDQPRYH,QWKHXSSHUSDUWRI
WKHODWWLFHDELJRUGHUHGUHJLRQFDQEHVHHQLQZKLFKDOOWKHSDUWLFOHVDUHLQWKHVDPH
VXEODWWLFH +RZHYHU SHQWDPHU $ PDUNHG LQ WKH ILJXUH LV DQ H[DPSOH RI D
QRQHIIHFWLYHO\GHSRVLWHGSDUWLFOH2QHFDQHDVLO\VHH WKDWKDG LWEHHQGHSRVLWHGRQH
VLWH WR WKH OHIW GLIIXVLRQDO UHOD[DWLRQ ZRXOG KDYH UHVXOWHG LQ DQ RUGHULQJ RI LWV
QHLJKERUKRRG +RZHYHU RQFH LW LV GHSRVLWHG LQ LWV SODFH WKH GHIHFW JHQHUDWHG LV
G\QDPLFDOO\VWDEOH
:H KDYH SHUIRUPHG QXPHULFDO 0& VLPXODWLRQV RI WKH PRGHO VWXG\LQJ D
SHULRGLFVTXDUHODWWLFHZLWKOHQJWK/ VLWHV7KHUHVXOWVIRUWKHWLPHGHSHQGHQFH
RI WKHGHQVLW\ DYHUDJHGRYHU0& UHDOL]DWLRQV DUHSUHVHQWHG LQ )LJXUH  7KH
VWDQGDUG GHYLDWLRQ LQ WKH DYHUDJH YDOXH RI Wρ  GRHV QRW H[FHHG  −×  IRU DOO W
 ≤≤ Wε $QDO\VLVRIWKHORQJWLPHEHKDYLRUSRLQWVRXWWKDWWKHOLPLWLQJGHQVLW\
RI WKH 56$' ILOOLQJ SURFHVV LV D VWDEOH UDQGRP FORVHVW SDFNLQJ GHQVLW\
=UFSρ  FOHDUO\ ORZHU WKDQ WKH GHQVLW\ RI FORVHVW SDFNLQJ =FSρ 
FRQILUPLQJWKHDERYHDUJXPHQWV7KHGHQVLW\FRQYHUJHVWRLWVOLPLWLQJYDOXHYLDD α−W
SRZHUODZZKHUH  ≤≤ α  LVFRQVLVWHQWZLWKWKHQXPHULFDOUHVXOWV$VVXPLQJ
=α RQHREWDLQVWKHIROORZLQJORQJWLPHH[SUHVVLRQIRUWKHGHQVLW\
  −+−= W2WW εερ 
 
7KH =α DVVXPSWLRQLPSOLHVWKDWWKHILOOLQJUDWH GWWG ρ YDQLVKHVDV\PSWRWLFDOO\
OLNH  WUFS ρρ − ,WVKRXOGEHUHFDOOHGWKDWIRUERWK 1 DQG 1 PRGHOVWKHGHQVLW\
FRQYHUJHVWRWKHGHQVLW\RIFORVHVWSDFNLQJYLDD −W ' OLNHSRZHU ODZEHKDYLRU
>@ DQG WKH ILOOLQJ UDWHYDQLVKHV DV\PSWRWLFDOO\ OLNH  WFS ρρ − 7KLV GLIIHUHQFH
PDQLIHVWVWKHGLIIHUHQFHLQWKHORQJWLPHG\QDPLFVRIWKHPRGHOV7KHILOOLQJSURJUHVV
DWORQJWLPHVLVUHODWHGWRWKHSUREDELOLW\RIWZRYDFDQFLHVWRJHWLQFRQWDFW7KHUHIRUH
WKH WLPH GHSHQGHQFH LV WKH VDPH DV WKH SUREDELOLW\ RI WZR LQGHSHQGHQW UDQGRP
ZDONHUVWRJHWLQFRQWDFW)RUWKH 1 DQG 1 PRGHOVWKHDV\PSWRWLFVWUXFWXUHLVWKDW
RI ODUJHUHJLRQVDQG WKHGHQVLW\ LV LQFUHDVHG E\PRYHPHQWVRI ORQJ OLQHV DORQJ WKH
GRPDLQZDOOV UHVXOWLQJ LQD'OLNHGLIIXVLYH WLPHGHSHQGHQFH ,Q WKHSUHVHQW FDVH
KRZHYHU WKH DV\PSWRWLF VWUXFWXUH LV KLJKO\ GLVRUGHUHG DQG WKH ILOOLQJ SURJUHVV LV
UHODWHGWRD'UDQGRPZDONSURFHVV LQZKLFKVPDOO YDFDQFLHVFRPELQH WRJHQHUDWH
WKHSODFHIRUDQDGGLWLRQDOSDUWLFOH
7KHGHQVLW\JDLQ UW ρρ − LVJLYHQE\DQH[SDQVLRQ LQSRZHUVRI Wε ZKRVH
FRHIILFLHQWVDUHVSDWLDOFRUUHODWLRQIXQFWLRQVDWWKHMDPPLQJOLPLW>@8VLQJWKH
0&VLPXODWLRQVZHFRPSXWHGWKHILUVWWZRFRHIILFLHQWVLQWKHSRZHUVHULHV
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7KH GHYLDWLRQ RI WKH VHFRQG RUGHU DSSUR[LPDWLRQ IRU WKH GHQVLW\ (T  IURP WKH
³H[DFW´0&UHVXOWLVOHVVWKDQRQO\IRUWKHXOWUDVKRUWWLPHOLPLW ≤Wε $WWKH
ODWHU VWDJHV RI WKH SURFHVV ZH DSSUR[LPDWH WKH GHQVLW\ E\ WKH IROORZLQJ >@
FRQVWUDLQHG3DGHDSSUR[LPDQW
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ZKHUH WX ε= 7KHIRXUFRHIILFLHQWVRI WKHDSSUR[LPDQWDUHGHWHUPLQHGE\ WKH ILUVW
WZRWHUPVLQWKHVKRUWWLPHH[SDQVLRQHTDQGE\WKHUHTXLUHPHQWWKDWLWILWVWKH
ORQJ WLPH EHKDYLRU RI HT  ,Q ILJXUH  WKH FRQVWUDLQHG 3DGH DSSUR[LPDQW LV
FRPSDUHGWRWKH³H[DFW´0&QXPHULFDOUHVXOWV7KHILWLVH[FHOOHQWIRUWKHHQWLUHWLPH
GRPDLQ7KHPD[LPXPUHODWLYHHUURUDW ≈Wε LVRIRUGHURI
 
7KHFRQWUDVWEHWZHHQWKHRUGHUHGWH[WXUHRIWKH 1 PRGHODQGWKHDPRUSKRXV
WH[WXUH RI WKH 1  PRGHO LV UHIOHFWHG LQ WKH FRQWUDVW EHWZHHQ WKHLU SDLU FRUUHODWLRQ
IXQFWLRQV DV ZHOO ,Q WKH 1  PRGHO WKH SDLU FRUUHODWLRQ IXQFWLRQ  WJ NM  WKH
SUREDELOLW\ WKDW DW WLPH W ERWK VLWHV  DQG MN DUH RFFXSLHG DSSURDFKHV XQLW\
]HUR IRU HYHQ RGG YDOXHV RI MN YLD WKH FKDUDFWHULVWLF −W  SRZHU ODZ
&RQVHTXHQWO\WKHOLQHDUVL]HORIDW\SLFDORUGHUHGFU\VWDOOLQHUHJLRQGLYHUJHV LQWKH
ORQJWLPHOLPLWDV Wε +RZHYHUIRUWKH 1 PRGHOWKHDV\PSWRWLFYDOXHVRIWKHSDLU
FRUUHODWLRQ IXQFWLRQV GHSHQG RQ WKH SRVLWLRQ MN WKXV UHIOHFWLQJ LWV DPRUSKRXV
QDWXUH,W LVFRQYHQLHQWWRPHDVXUHWKHVL]HRIRUGHUHGUHJLRQVE\WKHSRVLWLRQRI WKH
FKDQJHRIVLJQRIWKHPRGLILHGSDLUFRUUHODWLRQIXQFWLRQ  WMLρ GHILQHGE\
   WWWJW MLML ρρρ −−=  
ZKHUH   ≤≤− WMLρ 9DQLVKLQJRIWKLV IXQFWLRQPHDQV ODFNRIFRUUHODWLRQZKLOH
QHJDWLYHYDOXHVFRUUHVSRQGWRDQWLFRUUHODWLRQ)LJXUHSUHVHQWVWKHWLPHHYROXWLRQRI
WKHPRGLILHGFRUUHODWLRQ IXQFWLRQV   WWW ρρρ DQG  Wρ $OO IRXUVLWHV
DUH LQ WKHVDPHVXEODWWLFHDV WKHUHIHUHQFHVLWH VHH ILJXUH$WWKH MDPPLQJ
OLPLW WKH PRGLILHG FRUUHODWLRQ IXQFWLRQV RI WKH VLWHV   DQG 
DSSUR[LPDWHO\YDQLVK UHIOHFWLQJ WKH ODFNRIHYHQ VKRUWUDQJHRUGHU IRU W $W ODWHU
VWDJHVRIWKHSURFHVV  Wρ DQG  Wρ LQFUHDVHPRQRWRQLFDOO\DVDIXQFWLRQRIWLPH
WRWKHLU OLPLWLQJYDOXHV2QWKHRWKHUKDQG  Wρ GHFUHDVHVDOWKRXJKYHU\ZHDNO\
ZLWK WLPH WR LWV OLPLWLQJ YDOXH  −=∞ρ  LQGLFDWLQJ WKDW WKH VLWH  LV
RXWRIWKHUHJLRQEXLOWDURXQGWKHVLWH
7KH DYHUDJH QXPEHU RI SDUWLFOHVZLWK VPDOOHVW SRVVLEOH GLVWDQFH   ODWWLFH
XQLWVIURPDJLYHQSDUWLFOH  PLQ WJWQ = LQFUHDVHVIURP PLQ =Q DWWKH
MDPPLQJ OLPLW WR PLQ =∞Q  DW WKH UDQGRP FORVHVW SDFNLQJ 7KLV FRQWDFW
QXPEHU LV VXEVWDQWLDOO\ ORZHU WKDQ WKH FRUUHVSRQGLQJ FRQWDFW QXPEHU RI WKH FU\VWDO
WKDWHTXDOV)XUWKHUPRUHWKHDYHUDJHQXPEHURISDUWLFOHVDWDGLVWDQFH  GHSHQGV
RQO\ZHDNO\RQWLPHDORQJWKH56$'SURFHVVDQGLVDERXW7KLVQXPEHUUHIOHFWV
WKHSUREDELOLW\RIDSDUWLFOHWREHDORQJDGRPDLQZDOO
 
2XUPRGHODVVXPHVLQILQLWHO\IDVWGHSRVLWLRQUDWHQDPHO\GHSRVLWLRQRIDQHZ
SDUWLFOHZKHQHYHULWLVSRVVLEOH7KLVFRUUHVSRQGVWRLQILQLWHFRROLQJRIWKHV\VWHPE\
VXGGHQO\ UHGXFLQJ WKH DFWLYLW\ WR ]HUR $ PRUH UHDOLVWLF PRGHO VKRXOG LQFOXGH WKH
HIIHFW RI ILQLWH FRROLQJ E\ LQWURGXFLQJ D ILQLWH YDOXH IRU WKH DFWLYLW\ ,Q WKDW FDVH
GHSRVLWLRQ RI D QHZ SDUWLFOH ZLOO RFFXU ZLWK D ILQLWH SUREDELOLW\ 7KH HIIHFW RI WKLV
PRGLILFDWLRQ LV OLPLWHG 7KH DV\PSWRWLF VWUXFWXUH LV VWLOO DPRUSKRXV DQG D UDQGRP
FORVHVW SDFNLQJ VWDWH LV IRUPHG +RZHYHU WKH OLPLWLQJ GHQVLW\ LQFUHDVHV DV WKH
GHSRVLWLRQUDWHGHFUHDVHV
7KH ODWWLFHJDV 1 PRGHO LV NQRZQ WRXQGHUJRD ILUVWRUGHUSKDVH WUDQVLWLRQ
IURPDORZGHQVLW\GLVRUGHUHGIOXLGSKDVHWRDKLJKGHQVLW\RUGHUHGFU\VWDOOLQHSKDVH
>@7KHHTXDWLRQRIVWDWHFRQVLVWVRI WZRGLIIHUHQWEUDQFKHVVHSDUDWHGE\ DGHQVLW\
JDS EHWZHHQ ≈Oρ  DQG ≈Uρ  7KH UDQGRP FORVHVW SDFNLQJ GHQVLW\ UFSρ
WKHUHIRUHOLHVLQVLGHWKHGHQVLW\JDSZKLOHWKHMDPPLQJOLPLWLVORFDWHGLQWKHUDQJHRI
WKHIOXLGSKDVH7KXVDWWKHRQVHWRIGLIIXVLRQWKHV\VWHP LVHUJRGLFDQGRQO\ ODWHU
GHSRVLWLRQV IRUPWKHJODVV\SKDVH2QHZRXOGH[SHFWWKLVJODVV\SKDVHWRRFFXUDWD
GHQVLW\ ODUJHUWKHQWKH IOXLG WUDQVLWLRQDQG LQGHHG OUFS ρρ > 6LQFH WKH IRUPDWLRQRI
VPDOORUGHUHGUHJLRQV LVVXIILFLHQWWRWUDSWKHV\VWHP LQ LWVJODVV\SKDVH WKHUDQGRP
FORVHVWSDFNLQJRFFXUVULJKWDERYH Oρ  LQWKHFRH[LVWHQFHUHJLPHZKHUHVXFKVPDOO
RUGHUHGUHJLRQVDUHVWDEOH
,Q FRQFOXVLRQ D VLPSOH ODWWLFHPRGHO LQ WZR GLPHQVLRQV LV SURSRVHGZKLFK
H[KLELWV D JODVV WUDQVLWLRQ DV D UHVXOW RI IDVW FRROLQJ 7KH DV\PSWRWLF VWDWH KDV D
ZHOOGHILQHGGHQVLW\VPDOOHUWKDQWKHFORVHVWSDFNLQJRQHZKLFKLVDPDQLIHVWDWLRQRI
WKH VRFDOOHG UDQGRP FORVHVW SDFNLQJ 7KH ORQJ WLPH ILOOLQJ UDWH YDQLVKHV OLNH
 WUFS ρρ − 6SDWLDOFRUUHODWLRQIXQFWLRQVDUHVWXGLHGDVDIXQFWLRQRIWLPHDQGLWLV
VKRZQ WKDW IRU WKH HQWLUH GHQVLW\ UHJLPH WKH SDUWLFOHV IRUP DQ DPRUSKRXV SKDVH
GHYRLGRIDQ\FU\VWDOOLQHRUGHU
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